We revisit the two-dimensional SABRA model, in the light of recent results of Frisch et al. [Phys. Rev. Lett. 108, 074501 (2012)] and examine, systematically, the interplay between equilibrium states and cascade (turbulent) solutions, characterised by a single parameter b, via equal-time and time-dependent structure functions. We calculate the static and dynamic exponents across the equipartition as well as turbulent regimes which are consistent with earlier studies. Our results indicate the absence of a sharp transition from equipartition to turbulent states. Indeed, we find that the SABRA model mimics true two-dimensional turbulence only asymptotically as b → −2.
The search for a single, unifying framework to describe turbulent flows remains one of the most important challenges in classical physics. Given the essential nature of turbulent flows and the solutions of the Navier-Stokes equation, significant progress has been made in our understanding through methods of theoretical physics and, in particular, statistical physics. Since the pioneering work of Kolmogorov [1] , and typically working within the homogeneous and isotropic idealisation, significant advances have been made in understanding, for example, the nature of correlations in such flows [2] [3] [4] . Indeed, the universality of power-laws in such correlation functions, reminiscent of critical phenomena, raises the possibility of using the language of statistical mechanics and renormalization group to gain a microscopic understanding of turbulence and the underlying Navier-Stokes equation.
Despite this, it has not always been possible to adapt tools of statistical mechanics with the same degree of success. An inherent contradiction between the use of standards statistical physics approaches and real, turbulent flows is best captured in the work of Hopf [5] and Lee [6] . By using the Hamiltonian system of the incompressible Euler equation (with viscosity ν = 0) by projecting, via a Galerkin projection, to a finite-dimensional system, it was shown [5, 6] that the solution thermalises leading to an energy spectrum E(k) ∼ k 2 in stark contrast to the famous Kolmogorov scaling E(k) ∼ k −5/3 . Indeed, since the remarkable discovery of Cichowlas et al. [7] , through state-of-the-art direct numerical simulations (DNSs) that although the truncated Euler equation will eventually lead to equipartition, there are long-lived transient states which are partially thermalised admitting both Navier-Stokes-like and equilibrium solutions. We now have a fairly good understanding of the origins of thermalised states [8] (see also [9] [10] [11] ), mediated by structures called tygers in Ref. [8] , it is often the partially thermalised regime which has proved important in understanding [9, 12, 13] more practical aspects of turbulence, such as the ubiquitous bottleneck effect [14] A major breakthrough in understanding the relationship between equilibrium statistical mechanics and turbulence was made by L'vov al. [15] who showed the existence of flux-less, equilibrium solutions, which coincide with the Kolmogorov scaling at a critical dimension. More recently this was checked numerically by Frisch et al. [16] via the method of Fourier decimation introduced in the same paper (see, also Refs. [10, 15] ). Subsequently the issue of possible equilibria solutions and its connection to intermittency has been studied extensively in the last three years in a series of papers both for the NavierStokes equation [17] [18] [19] as well as the analytically more tractable Burgers equation [20] .
This large body of work in the last couple of years have renewed interest in the problem of equilibrium solutions in equations of hydrodynamics and their possible implications for turbulence. However so far the investigations have been confined to two-point, equal-time correlation functions and the issue of dynamics of such systems has been left largely unexplored. This is because examining time-dependent correlation functions, either analytically or through direct numerical simulations of the (decimated) Navier-Stokes equation, is still a major challenge. Indeed, results for time-dependent structure functions and the variety of time-scales (leading to multiscaling) associated with them in fully-developed turbulence have been obtained numerically mainly in reduced models [21] [22] [23] [24] , such as the GOY shell model, with far fewer results from DNSs of the Navier-Stokes equation [25, 26] with theoretical underpinnings in the Parisi-Frisch multifractal formalism [27] .
We adopt the spirit of previous studies on dynamic scaling in turbulence by resorting to numerically tractable shell models and report the first results on the dynamics of a turbulent systems near equilibrium. We thus revisit the two-dimensional SABRA model and examine, systematically, the interplay between equilibrium states and cascade (turbulent) solutions as a function of a single parameter b. This work builds on previous studies by Ditlevsen and Mogensen [28] and Gilbert, et al. [29] . In particular, their studies had shown a rich phase diagram in the solution to the two-dimensional SABRA model with cross-overs to turbulent and equilibrium solutions. We now closely examine this cross-over, in the light of what we have learnt from decimated systems, for the equal-time structure functions before understanding the dynamics and time-scales associated with such equilibrium states. The use of shell models to study dynamics have, apart from being a surrogate because of the problems of DNSs, several advantages. Chief amongst these are the fact that it allows us to resolve a huge range of scales, inaccessible to modern day computers for DNSs, and also, naturally (as we explain below) eliminate sweeping which can lead to trivial scaling [4, 30] .
In this paper we work with the SABRA shell model [31] :
This set of coupled ordinary differential equations are augmented by the boundary conditions are u −1 = u 0 = 0; u N +1 = u N +2 = 0, where N is the maximum number of shells used. The scalar wave vectors are conventionally written in the form k n = k 0 λ n ; we use typical values λ = 2 and k 0 = 1/16. Since we are studying the twodimensional model, the coefficients a = 1, b, and c, satisfying the constraint a + b + c = 0, are chosen to conserves the shell-model analogues of energy
and a generalised enstrophy
in the inviscid, unforced limit for −2 < b < −1, with α = − log λ | − b − 1| [32] [33] [34] . We use an external force f n to drive the system to a (non-equilibrium) steady state. All measurements of equal-time and time-dependent structure functions are made in this steady state. The SABRA model can thus be studied by varying a single free parameter, in this case, b continuously since the a = 1 and c = −1 − b. . In Ref. [29] , the authors showed through a mixture of numerics and theory that the as a function of b the solution of the SABRA model shows a phase diagram with not only the inverse and direct cascade regimes, on either side of the forcing shell n f , but also energy and enstrophy equipartition phases on either side of a crossover shell number (which itself is a function b) n c < n f with a phase boundary separating which disappears at study the dynamics in the interplay between turbulence (cascade) and fluxless solutions. In this paper, we revisit the two-dimensional SABRA model and systematically study its statics and dynamics for the full range of −2 < b < −1.
We perform two different sets of simulations (runs R1 and R2) of Eq. (1); in each case we use 11 different values of −2 < b < −1 with the total number of shells N = 43 (R1) and N = 28 (R2). We use, in addition to the normal viscosity, a hypo-viscous term µk −2 n to drain the energy at lower shell numbers which accumulate because of inverse cascade [35] . We use initial conditions u
ıϑn , for n = 1, 2, and u
2 e ıϑn , for 3 ≤ n ≤ N ; ϑ n is a random angle distributed uniformly between 0 and 2π. We drive the system to steady state by using a deterministic forcing (a) f = (1 + ı) × 5 × 10 −3 on shell n f = 22 (R2) and (b) f = (1 + ı) × 8 × 10 −3 on shell n f = 34 (R1). We use a slaved, Adams-Bashforth scheme [37, 38] to integrate Eq. (1) by using a time step (a) δt = 10 −4 , ν = 10 −7 , and µ = 10 −2 (R2) and (b) δt = 10 −7 , ν = 10 −14 , and µ = 3 × 10 −4 (R1). Given the delicate measurements, it is important to rule out any finite-size (in the scaling range) effects; hence we use these two different-sized simulations and find our results
FIG. 2. (color online
of the SABRA model. The various exponents are extracted from log-log plots of the equal-time structure functions as illustrated in Fig. 1 . The lower branch correspond to an energy equipartition regime, yielding an exponent ζ2 = ζ4 = 0 (within error-bars) disappear close to the conjectured critical value bc. The upper branch correspond to an enstrophy equipartition regime before converging to the turbulent, Kolmogorov-like solution ζ2 = 2/3 and ζ4 = 4/3 (indicated by the horizontal red dot-dashed line in panel). The black, dashed line in panel denotes the exponent predicted from the enstrophy partition regime, namely ζ2 = α = − log λ | − b − 1| and ζ4 = 2ζ2 for b > bc and for shells larger than nc but smaller than n f . We note that, within error-bars, the measured exponents are slightly higher than those obtained theoretically and two-dimensional, turbulent behaviour is only approached asymptotically as b → −2. The exponents obtained from the two sets of simulations, shown as blue circles (R1) and red squares (R2) are in agreement with each other within error-bars. from R1 and R2, which we report below, to agree with each other within error-bars.
We begin with the p-th order, equal-time structure function and the associated equal-time exponent ζ p . For the shell model this is defined via
where · denotes an average over time in the steady state. We compute the p-th order structure function (4) by averaging, in the steady state, over a time window ∆t 1. We choose 50 such statistically independent time windows and thence obtain 50 values of the equaltime scaling exponents. We quote the mean of these exponents as ζ p and their standard deviation is a measure of the error-bar on them.
For the two-dimensional SABRA model, for b > b c and n < n f , Ditlevsen and Mogensen [28] conjectured that the second-order structure function should show two scaling regimes with different scaling exponents. Thus for lower wavenumber ζ 2 = 0 for n < n c due to energy equipartition and at higher wavenumbers ζ 2 = α for n c < n < n f because of enstrophy equipartition. On the other hand, for b < b c , similar arguments [29] leads one to the conclusion that a single scaling range emerges with ζ 2 = 2/3 for n < n f because of the inverse cascade of two-dimensional turbulence.
In Fig. 1 It is also useful to keep in mind, that a similar conclusion can be drawn by measuring the fluxes as was shown in Ref. [29] .
In Fig. 2 we show plots of the exponents (a) ζ 2 and (b) ζ 4 for 12 different values of b from runs R1 (red squares) and R2 (blue circles). For large values of −1.3 b −1.0, the scaling range exhibits only the energy equipartition range (n c ≈ n f ) yielding a single exponent, within error-bars, ζ 2 = 0.0. For lower values b c b −1.4, the second-order structure functions show dual scaling (for n < n f ): ζ 2 = 0 for n < n c and ζ 2 = α for n f < n < n c . In Fig. 2(a) we see the two branches in the values of ζ 2 in the range b c b −1.4. The lower branch ζ 2 = 0 is consistent with the energy equipartition prediction. The black, dashed line corresponds to enstrophy equipartition α: However, we find that the measured exponent ζ 2 in the second scaling range although close to the enstrophy equipartition prediction is nevertheless marginally larger than α. For values of b b c , the scaling of the energy equipartition disappears leaving only the second scaling regime ζ 2 ≈ α. We finally note that this single branch of ζ 2 asymptotes to the value 2/3 (denoted by the red, horizontal dot-dashed line) as b → −2. In Fig. 2(b) we show an analogous plot for the fourth-order exponent ζ 4 which shows a behaviour consistent to the one we have discussed for ζ 2 . For both sets of exponents, it is clear that the measurements for different resolutions are consistent with each other within error-bars.
Let us stress that the behaviour of equal-time exponents as a function of b has been discussed before [28, 29, 33] . However, our systematic study does throw-up a few surprises which we cannot refrain from commenting upon before we turn our attention to the dynamics of such systems. Firstly, our detailed simulations show that the secondary scaling range yields and exponent which, within error-bars, is marginally larger than α as b → b c . Secondly, and more curiously, the twodimensional turbulent behaviour -a single scaling range for n < n f -with ζ p = p/3 is recovered only asymptotically as b → −2.
We finally turn our attention to the dynamics of such systems, especially near the critical point b c . This is most conveniently done by examining the time scales associated with the time-dependent order-p structure function, defined for the shell model as
This allows us to extract the integral-time scale [21] [22] [23] [24] via the time integral
and, thence, via the dynamic scaling Ansatz T p = k −zp n the dynamic exponent z p . In this integral the upper limit t is taken as the time when the time-dependent structure function for a particular shell (Fig. 3a (inset) ) falls below a threshold ; for our calculations we choose = 0.6 but have checked that our results are unchanged for 0.4 ≤ ≤ 0.7.
In Fig. 3 we show the representative plots of the second and fourth-order integral time scales, versus the wavenumber, extracted from time-dependent structure functions (inset of Fig. 3a) for extremal values of the parameter (a) b = −1.2 and (b) b = −1.9. We see clearly that between these two values the scaling behaviour switches from the equipartition k In Fig. 4 we show representative, log-log plots of T 2 vs k n for n < n f for such intermediate values of b. We see the clear co-existence of both scaling ranges as shown by the thick black line (k −1 n ) and the broken blue line (k −2/3 n ) threading the data. With decreasing b, the second scaling regime starts to dominate and at the cost of the first. The fourth-order structure functions show an identical behaviour and, hence, are not presented for brevity. It is possible to estimate the cross-over scales from such plots and in Fig. 5 we show a plot of the ratio of the cross-over wavenumber to the forcing wavenumber as a function of b (in the intermediate range). Given the discrete and exponential spacing of the shell space, we should keep in mind that such estimates are not likely to be very precise.
Our results for the dynamic exponents is interesting for several reasons. It useful to remind ourselves that, by definition, dynamic exponents in shell models are not affected by sweeping which would trivially yield z 2 = 1. Within the multifractal model of three-dimensional turbulence, the dynamic exponents are related to the equaltime ones through a linear bridge relation. Here, however, z 2 = 1 is the result of a unique time scale τ = 1/k n because of energy equipartition. Similarly, the second scaling regime is due to the equipartition of the generalised enstrophy which yields, again, a unique time scale
. For values of b smaller than the critical value, both these scaling regimes disappear and we end up with a Kolmogorov-like dynamic exponent z = 2/3 consistent with ζ 2 = 2/3 [24] . It is useful to draw attention to the fact that the Kolmogorov-like dynamic exponent is, in its numerical value, close to that obtained via an equipartition argument for values of b close to -2. Hence extreme care needs to be taken to disentangle the two effects. It is for these reasons that we performed two sets of simulations with very different extents of the scaling range and found the exponents extracted from both these runs to be in agreement with each other.
In this paper, in the light of recent work on decimated Navier-Stokes turbulence, we revisited the twodimensional SABRA model to understand, within the simplifications of a shell model, the interplay between cascade and equilibrium solutions. We ought to keep in mind that our work builds on and adds to the previous studies of Refs. [28, 29, 33] . In particular, we have explored systematically the phase diagram proposed by Gilbert et al. [29] and found some surprises. Furthermore we have measured, to our knowledge for the first time, the dynamics of such systems and their associated time scales which, unsurprisingly, are very different from the dynamic multiscaling that we usually associate with fully developed turbulence. Most curiously, our studies show, contrary to previous estimates [33] , that the SABRA model mimics two-dimensional turbulence only asymptotically as b → −2. These studies thus reemphasize the hope [16] that there might be more in common between statistical mechanics and true two-dimensional turbulence than was thought before. It is left for the future to evaluate the relaxation to equilibrium states and the dynamics close to the critical dimension of Frisch et al. [16] in direct numerical simulations of the decimated, two-dimensional Navier-Stokes equation.
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